Temperature fluctuations in a low-Mach-number compressible turbulent fluid flow are studied. It is demonstrated that, due to compressibility and external pressure fluctuations, the anomalous scaling may occur in the second moment of the temperature field. The cause of the anomalous behavior is a compressibility-induced depletion of the turbulent diffusion of the second moment of the temperature. It is shown that temperature fluctuations in compressible fluid flow ͑without thermal instability͒ can be excited only by external pressure fluctuations. Experiments are suggested for the observation of the excitation of the temperature fluctuations.
I. INTRODUCTION
Problems of intermittency and anomalous scalings for scalar and vector fields passively advected by a threedimensional isotropic turbulent fluid flow have been the subject of numerous investigations in the last years ͑see, e.g., Refs. ͓1-11͔͒. The anomalous scaling means the deviation of the scaling exponents of the correlation function of a passive scalar ͑vector͒ field from their values obtained by the dimensional analysis. For incompressible turbulent flow, the anomalous scalings for a scalar field can occur only for a fourth-order correlation function, while for the vector field the anomalous scalings appear in the second moment.
For compressible ("•v 0) turbulent fluid flow with low Mach numbers, the situation is quite different. In the present study it is shown that the compressibility of a turbulent fluid flow and external pressure fluctuations may result in the appearance of anomalous scaling in the second moment of the temperature field.
Note that in incompressible turbulent fluid flow, equations for temperature field and the number density of noninertial particles ͑or gaseous admixtures͒ coincide. On the other hand, in compressible ("•v 0) turbulent fluid flows with low Mach numbers, these equations are different. Indeed, the equation for the number density has the form of a conservation law of the total number of particles. On the other hand, the equation for the temperature field does not have the form of a conservation law.
This results in different behaviors of particle number density and temperature advected by a compressible turbulent fluid flow. For example, fluctuations of particle number density can be excited even without an external source due to the compressibility of a turbulent fluid flow ͓10͔. In the present study we show that temperature fluctuations are excited in the compressible turbulent fluid flow only if there are external fluctuations of pressure.
Different behaviors can also be observed in the dynamics of the mean fields. In particular, compressibility results in the formation of inhomogeneous spatial distributions of mean particle number density due to the effects of turbulent barodiffusion and turbulent thermal diffusion ͓12,13͔. Inhomogeneities of the mean temperature in compressible turbulent fluid flow can be formed only in the presence of external fluctuations of pressure ͑we now discuss the case when thermal instability ͓14͔ is not excited͒. Excitation of temperature fluctuations and the formation of inhomogeneities of the mean temperature in a compressible turbulent fluid flow are caused by the work performed by external pressure. On the other hand, excitation of fluctuations and formation of inhomogeneities of the mean number density of particles advected by a compressible turbulent flow do not change the thermal energy of the system.
II. GOVERNING EQUATIONS
Evolution of the temperature field T f (t,r) in a compressible turbulent fluid flow is determined by the equation
where is the molecular thermal conductivity, ␥ is the specific heat ratio, and Q is an external heat source. The density f and the velocity v of the fluid satisfy the continuity equation
The velocity v is determined by Navier-Stokes equation , the characteristic value of the stirring force is F 0 , the energy containing scale of turbulent motions l 0 , the Mach number M ϭv 0 ͱ␥/c s , and the sound speed c s ϭ(␥T 0 /m ) 1/2 . Substitution of expansion ͑4͒ into Eqs. ͑1͒-͑3͒ and comparison the terms of the same order in M 2k yields a set of equations
where Q 1 ϭQl 0 /(T 0 v 0 ), F 1 ϭF/F 0 , and ϭ1/3ϩ b /, b is a bulk viscosity, Reϭv 0 l 0 / is the Reynolds number, and is the kinematic viscosity. Note that Eq. ͑5͒ appears in the order of M Ϫ2 , whereas Eqs. ͑6͒-͑8͒ appear in the order of
where Peϭv 0 l 0 /. Equations ͑8͒ and ͑9͒ yield the equation for the fluid temperature,
where D(t)ϭ(␥ Ϫ1 Ϫ1)(d/dt)lnP 1 , and we changed notations ␥ Ϫ1 Pe Ϫ1 →Pe Ϫ1 and ␥ Ϫ1 Q 1 →Q 1 . In order to study the temperature fluctuations, we derive an equation for the structure function ͗⌰(t,x)⌰(t,y)͘, where T 1 ϭTϩ⌰, Tϭ͗T 1 ͘ is the mean temperature field, ⌰ is the fluctuating temperature field, and the angular brackets denote statistical averaging over the ensemble of turbulent fluid velocity. To this purpose we use the stochastic calculus ͑Feynman-Kac formula͒, which was applied in magnetohydrodynamics ͓15,16͔ and passive scalar transport in incompressible ͓15͔ and compressible ͓12,13͔ turbulent flows.
For simplicity the turbulent velocity field is assumed to be ␦ correlated in a time random process. However, the results also remain valid for the velocity field with a finite correlation time if the second moment ⌽ varies slowly in comparison with the correlation time of the turbulent fluid flow ͓15͔.
The use of the technique described in Ref. ͓13͔ allows us to derive the equation for the structure function ⌽ϭ͗⌰(t,x)⌰(t,y)͘:
‫ץ‬⌽ ‫ץ‬t
where
vϭVϩu, where Vϭ͗v͘ is the mean velocity and u is the turbulent component of the velocity, is the momentum relaxation time of the random velocity field u, which depends on the scale of turbulent motion, and Q and D are the momentum relaxation time of the external heat source and of the external flluctuations of pressure P 1 , respectively, and ͗D 2 ͘ denotes averaging over external pressure fluctuations.
We consider the case of "Tϭ0, where T is the mean temperature field. Equation ͑11͒ for ("•u)ϭ0 and ͗D 2 ͘ϭ0 was first derived by Kraichnan ͓17͔.
III. TEMPERATURE FLUCTUATIONS
Consider temperature fluctuations in a homogeneous and isotropic compressible turbulent fluid flow. In this case the correlation function ͗u m u n ͘ is given by
͑for details see ͓13͔͒, where FЈϭdF/dr, T ϭu 0 2 0 /3 is the turbulent thermal conductivity, u 0 is the characteristic velocity in the energy containing scale l 0 of turbulent motions, 0 ϭl 0 /u 0 , and F(0)ϭ1ϪF c (0). The function F c (r) describes the compressible ͑potential͒ component whereas F(r) corresponds to the vortical part of the turbulence. Equation ͑11͒, by means of relation ͑12͒, reduces to where (t,r)ϭ⌿(r)exp(2⌫t) and the unknown function ⌿(r) in a nondimensional form is determined by the equation
where . The exponent p in the spectrum of the kinetic turbulent energy differs from that of the function ͗u m u n ͘ due to the scale dependence of the momentum relaxation time of turbulent velocity field u, and qϭ2pϪ1 ͑see Refs. ͓10,11͔͒. We consider the case of the Prandtl number Prϭ/р1, which is typical for gases.
Solution of Eq. ͑15͒ can be obtained using an asymptotic analysis ͑see, e.g., Refs. ͓10,13,15,16͔͒. This analysis is based on the separation of scales. In particular, the solution of the Schrödinger equation ͑15͒ with a variable mass has different regions where the form of the potential U 0 (r), mass m(r) and, therefore, eigenfunctions ⌿(r) are different. Solutions in these different regions can be matched at their boundaries. Note that the most important part of the solution is localized in small scales ͑i.e., rӶ1). The results obtained by this asymptotic analysis are presented below. Distributions of mass m(r) are given by 1/m(r) ϭ2͓1ϩ␤ m Per qϪ1 ͔/Pe, where ␤ m ϭ(1Ϫ)(1ϩq)/3, and the parameter of compressibility ϭ/(1Ϫ). The solution of Eq. ͑15͒ has several characteristic regions. In region I, i.e., for r d рrӶPe Ϫ1/(qϪ1) , the mass m(r), the potential U 0 (r), and the functions ⌿(r) and ⌽(r) are given by Matching functions ⌽(r) and ⌽Ј(r) at the boundaries of these regions yields the constants A k and the damping ͑or growth͒ rate ⌫ of the temperature fluctuations. The latter is given by
where gϰcot is the parameter of the continuous spectrum of the Schrödinger equation ͑15͒. From the latter formula it follows that, when g→0 and D→0, the damping rate of the temperature fluctuations ⌫→0. Therefore the characteristic time of the turbulent thermal conductivity can be much longer than the turnover time of the turbulent eddies. The latter implies that the compressibility of the turbulent fluid flow results in a fairly strong reduction of the turbulent thermal conductivity for Dϭ0. The physics of this effect is as follows. The equation for the internal energy Uϭc V T f is given by
It can be seen from Eq. ͑16͒ that the internal energy U can increase ͑or decrease͒ when "•uϽ0 ͑when "•uϾ0). This can result in a reduction of the rate of temperature leveling. Such an effect can be interpreted as a reduction of the turbulent thermal conductivity. The reason for the low turbulent thermal conductivity is that the increase and decrease of the internal energy in a small volume are separated in time and
are not balanced in a compressible flow. Molecular thermal conductivity breaks the symmetry between the accumulation and outflow of thermal energy, i.e., it breaks a reversibility in time and does not allow a leveling of the thermal energy over the consecutive time intervals. It can be seen from Eq. ͑16͒ that in incompressible turbulent flow, when the molecular thermal conductivity ϭ0, the internal energy is conserved, whereas in compressible turbulent fluid flow the internal energy is not conserved due to the work performed by a pressure force. When D 0 the self-excitation ͑exponential growth͒ of temperature fluctuations occurs. In this case spatial distribution of the temperature fluctuations is intermittent since the higher moments of the temperature field grow faster than flow moments ͑see Ref. ͓10͔͒.
IV. ANOMALOUS SCALING OF TEMPERATURE FLUCTUATIONS
Consider temperature fluctuations in the presence of an external thermal source I(r) in Eq. ͑13͒. Substituting Eq. ͑14͒ into Eq. ͑11͒ yields an equation for the unknown function (t,r),
where f (r)ϭrI(r)exp͓͐ 0 r (x)dx͔. Temperature fluctuations can only be damped without an external source ͑see Sec. III͒. Stationary temperature fluctuations require the presence of the nonzero external source. Determine the stationary solution of Eq. ͑17͒ in scales Pe Ϫ1/(qϪ1) Ӷrр1 ͑i.e., in region II, see Sec. III͒. The external source in these scales is chosen as follows: I(r)ϭI 0 (1Ϫr s ), where sϾ0, and for rϾ1, I(r)ϭ0. The general solution of Eq. ͑17͒ reads
where ⌿ 1 ϭr 1/2ϩb and ⌿ 2 ϭr 1/2Ϫb are solutions of Eq. ͑17͒ with Iϭ0, and Green function G(r,) is given by
and H(y) is a Heaviside function. Equation ͑18͒ yields the formula for the second moment ⌽(r),
͑19͒
where we neglect small terms ϰr 3Ϫqϩs , because rӶ1. Note that the term ϰr 3Ϫq in Eq. ͑19͒ corresponds to a normal scaling for the second moment of the temperature fluctuations, whereas the term ϰr Ϫ2b corresponds to the anomalous scaling.
Note that in incompressible turbulent flow only the fourth-order correlation function of the passive scalar fluctuations can have anomalous scaling ͑see Refs. ͓3͔-͓5͔͒. On the other hand, we have found that in the compressible turbulent flow with external pressure fluctuations even the second moment can exhibit an anomalous scaling behavior. The reason for the anomalous scaling in the second moment is the compressibility, which results in a reduction of turbulent thermal conductivity ͑i.e., existence of modes with damping rate ⌫Ӷ1). Note that in view of the quantum mechanics analogy the appearance of the anomalous scaling in the second moment of the temperature fluctuations is related to the existence of the region with negative potential for rӶ1. This yields a condition Ͼ 1 2 for the anomalous scaling. On the other hand, the solution for the correlation function ⌽ exists in scales Pe Ϫ1/(qϪ1) Ӷrр1 when qϾ(qϪ2). This yields conditions for the anomalous scalings of the temperature field in compressible turbulent fluid flow: when 1Ͻqр2 the parameter of compressibility 1 2 ϽϽϱ, and when 2ϽqϽ3 the conditions for are given by 1 2 ϽϽq/(qϪ2).
V. CONCLUSIONS
It is demonstrated here that in a low-Mach-number compressible turbulent fluid flow with external pressure fluctuations the second-order correlation function of the temperature field can have anomalous scaling. The mechanism for the occurrence of anomalous scaling in the second moment is associated with the compressibility of the fluid flow. Mathematically the latter phenomenon is associated with the occurrence of the zero mode of the equation for the correlation function of the temperature field. For the two-point correlation function of the temperature field, this anomalous scaling is caused by a strong depletion of the relaxation of the second moment of the temperature field due to compressibility. In view of the quantum mechanics analogy, the equation for the second-order correlation function of the temperature field can be considered a Schrödinger equation, and the necessary condition for anomalous scaling is the appearance of the negative potential in the Schrödinger equation at small scales (rӶl 0 ). This yields the condition Ͼ 1 2 . When the exponent in the spectrum of the function ͗u m u n ͘ is within the range 1Ͻqр2 this condition is sufficient. On the other hand, when 2ϽqϽ3, the conditions for the anomalous scaling is given by 1 2 ϽϽq/(qϪ2). The turbulent velocity field is assumed to be described by a ␦ correlated in time random process. The derived equation for the second-order correlation function is valid as long as the momentum relaxation time of the velocity field is small in comparison with the the characteristic time of variations of the temperature fluctuations.
It is shown that in compressible turbulent flow the temperature fluctuations can be excited only by the external fluctuations of pressure. This mechanism of excitation of temperature fluctuations can be validated experimentally. Thus, e.g., it is conceivable to suggest installing a sound generator with a white-noise power spectrum in the wind tunnel used for the investigation of temperature fluctuations ͑see, e.g., Refs. ͓18,19͔͒. Then the observed temperature correlation function will change strongly in comparison to a case without external pressure fluctuations.
